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A METHOD FOR SYSTEMIC RISK ESTIMATION
BASED ON CDS INDICES
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Abstract: The copula-GARCH approach provides a flexible and versatile
method for modeling multivariate time series. In this study we focus on
describing the credit risk dependence pattern between real and financial
sectors as it is described by two representative iTraxx indices. Multi-stage
estimation is used for parametric ARMA-GARCH-copula models. We derive
critical values for the parameter estimates using asymptotic, bootstrap and
copula sampling methods. The results obtained indicate a positive symmetric
dependence structure with statistically significant tail dependence
coefficients. Goodness-of-Fit tests indicate which model provides the best fit
to data.
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1 INTRODUCTION

We propose a framework for systemic risk analysis based on a copula-
GARCH type of model that allows for separate specification of the dependence
structure from the marginal distributions. The empirical part analyses the credit risk
dependence pattern, between real and financial sectors, at European level, as
reflected by the iTraxx Senior Financial and Crossover CDS indices. These indices
are highly representative aggregated indicators of credit risk in their respective
sectors. Their most important features can be summarized as: forward looking
indicators reflecting both market expectation and fundamentals with high liquidity
maintained by a broad investor base and updated composition due to half-year roll-
over. In addition to flexibility this set-up allows us to focus on individual risks of
each sector as well as on the dependence structure that drives their joint behavior
and leverages total risk.

“ Gabriel GAIDUCHEVICI, Bucharest University of Economic Studies, Bucharest, Romania,
gaiduchevici@gmail.com
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The literature on copula modeling is growing constantly. For a thorough
introduction to copulas we refer to Joe (1997) and Nelsen (2006), the two key
textbooks on dependence modeling from a statistical perspective. McNeiletal.
(2005) provides a sound implementation of copula models in the context of
quantitative risk management, while Embrechts et al. (2002) introduces the static
representation of dependence via copulas. Patton (2006) lays down the foundation
for multivariate financial time series applications of copulas and complements his
research with a comprehensive empirical study in Patton (2012). Choros et al.
(2010) presents the parametric and semi-parametric estimation methods for copulas
on time series data. Patton (2009) gives an overall survey of copula applications to
time series. Genest et al. (2009) and Remillard (2010) are two key references for
Goodness-of-Fit tests for copulas.

The seminal finding in the copula modeling literature is due to Sklar (1959)
who provides the formal approach to separate a joint distribution into independent
margins and a copula. Accordingly, for every p-dimensional distribution F with
corresponding margins F; there exists a copula € such that:

F(y1, s ¥p) = CCEL), 0 By (1) 1)
which is unique if all margins are continuous. Conversely:
C (ul,...,up) =F (Fl‘l(ul),...,Fp'l(up)) 2

where u; = F;(y;),i = 1, ...,p. If F; is continuous then the probability integral
transformationU; = F;(y,)is unique and Unif (0, 1)distributed regardless of the original
distribution of F;. If Fis p-times differentiable then the joint density is given by:

f) = F(y)

0y10Y5, ..., 0y,
3)

14 op
= Dﬁ(%)mc (Fl(yl), ...,Fp(yp))

The copula-GARCH class of models assumes certain parameters are time
varying in an auto-regressive manner and their distributions are conditional on past
information. In the context of this analysis we are interested in modeling the cross
sectional dependence between time series data and therefore we employ an adapted
version of Sklar’s theorem introduced by Patton (2006). The distribution of Y,
conditional onF,_; = {v,:1 < t— 1} is decomposed into its conditional marginsand
the corresponding conditional copula in the following manner:

F(y|Fi_1) =C {F1()’1|Tt—1); ---:Fp(}’plft-ﬂ}

: . 4)
with Yiel Fooq ~ FiC | Feq), i =12, .,p
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Fitting a copula on the unconditional probability integral transform will
result in an unconditional copula model for the dependence. In a time series context
however, it is necessary to condition on the available past information, which first
requires the specification of the margins and then the copula that joins the series
cross-sectionally. If we define the probability integral transformu;, = F; (Y| F:—1),
then the conditional copula of Y,|F._; is given by U,|F,_i~ C(|Feep). It
isimportant to note here that both the margins and the copula have to be conditional
on the same data set. Fermanian and Wegkamp (2012) have shown that using
different information sets for conditional margins and copulas may result in a
function F that is not a valid joint distribution. In empirical studies however, it may
happen that marginal distributions are only dependent on their own lags, that is
they are dependent only on a fraction of F,_,but this still satisfies the restrictionthat
margins and copula must use the same data set. We will use the standard ARMA-
GARCH approach to model the univariate distributions by specifying the following
general model for each series:

Yie = i (Yeo1) + 0 (Y€ (5)
where, €;| F._1~ F;(0,1),v t. The functional form of F; makes the model
parametric because the copula is fitted on the conditional distribution of the
probability integral transform of the standardized residuals constructed as:
& = —Ktai(’;‘gf)‘l),i =12,..,p (6)

In general financial time series have fatter than normal tails and
asymmetric shape. In particular, the tail distribution of the ARMA-GARCH
process is heavier than that of a normal distribution. Thus, the parametric form of
F; has to be able to accommodate thicker than normal tails and possibly an
asymmetric shape. With the correct functional form the Skew-t distribution can
fulfill these requirements. In this study we tested different forms of skewed
distributions and choose the flexible and thoroughly studied Skew-t form of
Lambert and Laurent (2001), for its suitability to the data at hand. In addition to
the location and scale this distribution has two more shapeparameters: the
degrees of freedom v € (2,00) controlling the thickness of the tails and the
skewness parameter y € (0, o) controlling the asymmetry.

The paper proceeds as follows: Section 2 describes the dependence measures
used to analyze the degree and pattern of associativity in data. In Section 3 we
present estimation methods for parametric copula-GARCH models and simulation
techniques to make inference on estimated parameters. Section 4 reviews the
Goodness-of-Fit tests applicable to copula models. In Section 5 we describe the
data, present the actual implementation and show the results. Section 6 concludes.
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2 DEPENDENCE MEASURES

The literature on multivariate analysis provides a broad array of dependence
measures, see Nelsen (2006, Chapter 5) for an in-depth description. In this study
we will focus on rank correlation, quantile dependence and tail dependence for
their specific property of being scale invariant which is a valuable characteristic
providing guidance on the type of copula to use in order to better describe the data
at hand.

Linear correlation plays an essential role in finance theory; however it is
important to mention that this concept only applies in the context of multivariate
elliptical distributions. A detailed discussion of the shortcomings of relying on
linear correlation is given by Embrechts et al. (2002) who calls them “fallacies”
and describes their effects to multivariate simulation, a technique which we will
intensively use for making inference on parameter estimates. One important
property of copulas, namely that the dependence structure as summarized by a
copula is invariant under increasing and continuous transformations of the margins
allows for the specification of the Spearman’s rank correlation directly as:

Ps = P(F1 (Y1), F> (YZC))

R 127
ps = TZ UpeUpe — 3
t=1

which is simply the linear correlation of the probability integral transforms.
Hence for continuous random variables is the linear correlation of their unique
copula.p,is constrained in [—1,1]with the boundaries being reached only if the
variables are comonotonic or countermonotonic. A practical reason for using rank
correlation is that it can be used to calibrate copulas to empirical data. Despite its
appealing characteristics the rank correlation is only a scalar measure that gives an
overall indication about the strength and sign of the dependence.

Quantile dependence measures the strength of the dependence between two
random variables in the joint upper and lower tails of the support of their
distribution. It can be estimated as:

(7)

1 T
—Z U, <qlUx<gq}, 0<q<05
i _ qT t=1 (8)
q 1 ZT
S — YU, >q|U,>ql, 05<qg<1
A= T Lares {U1e > q | Uz >q} q

and it provides a detailed description of the dependence at various points
across the support of the two variables. By comparing the quantile dependences
while moving away from the center towards the tails we gain information about the
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asymmetry of the dependence structure and a clear indication about which type of
copula is more appropriate to use.

According to Joe (1997) the concept of tail dependence relates to the amount
of dependence in the upper or lower quadrant tail of the distribution. The
motivation for looking at these coefficients is that they provide measures of
extreme dependence and we describe them in terms of limiting conditional
probabilities. Due to invariability to monotonic transformations, parametric tail
dependence can be expressed directly in terms of copulas. For a bivariate copula
the tail dependence coefficients are given by:

AL = lim ¢@.q9) and AV = lim 1-24+C.9)
g0t q q-1~ 1—gq

(9)

where, is said to have upper tail dependence if AU € (0,1] and lower tail
dependence if AL € (0,1]. If AL = AYthen the copula is radially symmetric and if
one coefficient is 0 than the copula is asymptotically independent in the respective
tail. Calculation of these coefficients is straightforward, if the copula has a closed
analytical form, as is the case with most elliptical and Archimedean copulas. Since
we are particularly interested in making inference on the asymmetry of the
dependence structure we will employ a slightly more involved method introduced
by Chen et al. (2010) that allows for the computation of the copula parameter
independently for each tail. Under the general censorship method of Chen et al.
(2010) if (U, U,) ~C then the upper tailcopula parameter 8V conditional on
(U; > q,U, > @) is determined by maximizing the followinglog-likelihood:

1T
L) =) 1O
T Lap
1,(8Y) = 61,6, logc (ﬁlt' UZt; 6Y)
ac(ﬁm ﬁzﬁ 9”)

+ 8;¢(1 — 63) log U (10)
1
oc(U,,, U,,;8Y
+ (1 —611)82 log%
2

+(1 = 6,1 = 8, log C(Uy, U5 0Y)
where U,, = max[Uy,, q] and U,, = max[U,,, qJthat is values less then g are
replaces by q. Indicator functions &, = 1{U;; > q} and &,, = 1{U,. > q} are
used to retain in the log-likelihood function only the terms that are greater than q.
Maximizing £ requires closed forms for copula and partialdensities but these are
readily available in most cases.
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Inference on the estimated dependence statistics can be conducted either by
using their asymptotic distribution or via simulation. We implemented a simulation
algorithm based on bootstrapping to construct confidence intervals. Regardless of
the computational burden the bootstrapping approach is rather convenient in
comparison to the standard method of moments that relies on asymptotic
properties. For the parametric case the algorithm is built around the stationary
bootstrap of Politis et al. (1999)[Chapter, 3]. Asimilar parametric bootstrap can be
found in Genest et al. (2006) for which the asymptotic validity has been established
by Genest and Remillard (2008).

Algorithm 1 - Simulation procedure to determine confidence intervals for
tail dependence statistics based on parametric marginal distributions:

(1)Estimate the model for margins and obtain the probability integral transforms
(U1, Uze)

(2)Compute the dependence statistics {19, A*A”}using the probability integral
transformsfrom the actual data.

(3)Generate N samples of length T using the stationary bootstrap method to
preserve the time dependence of data

(4) Estimate the model for margins on each of the N samples and obtain the
probability integral transforms {UZ, UZ3IN_,

(5)Compute the dependence measures on each of the N samples to obtain
a2

(6)Compute the a/2 and 1 — /2 quantiles of{iﬁ’l,Zﬁ,ig}:zlintervalsto obtain
1 — a confidence intervals

(7) Compute p-values for the dependence statistics as: pj = ¥N_, 1{1, > 1;} /
N, iegl,U

3 ESTIMATION AND INFERENCE

Estimation for copula models is usually done via Maximum Likelihood
(ML). One may attempt to estimate margins and copula in one single optimization,
however splitting the modeling into two steps can yield more insight and allow for
more detailed analysis of the different model components. When margins are
estimated parametrically the model is called parametric and inference about the
copula amounts to what has been termed the inference-functions for margins (IFM)
approach of Joe (1997). The properties of estimates derived using the single stage
versus the IFM method, have both been studied in great theoretical detail in the
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literature. In practice, estimation requires numerical optimization of the log-
likelihood which in terms requires the derivation of copula density.

When using parametric models for the conditional distributions and the
copula the log-likelihood is completely specified and the parameters can be
estimated as:

0, = argmaxlog L (6)

T

log £ (6) = Zilogfi(m; 6,)

t=1i=1

1)

T
+ Z log c(F,(Yyg; 81, -, Ey (Yy: 61); 65)
t=1

where 6 = [6,, 6,] is the parameter vector for the full model.

In the following we will assume that the regularity conditions of Joe (1997)
for parameter asymptotic distribution hold for the multivariate model as well as for
all margins. Under these regularity conditions the maximum likelihood estimator
exists, is consistent and asymptotically efficient and it has the property of being
asymptotically normal:

VT(By, —60) > N(O,Vyy,) for T > o (12)

where V,,,is the covariance matrix of 8,, which can be estimated by the
inverse of the Hessianmatrix of the log-likelihood function using standard methods:

(13)

%}

0 -
t = %Ingt(YtZQML)
— 02 ~
H= Wlf’gft (Yt; HML)
The canonical representation for the multivariate density function in (3)
permits us to say that, in general, a statistical modeling problem for copulas could
be decomposed into two steps: identification of the marginal distributions and
specification of the appropriate copula function. Thus, IFM parameters are
estimated as in:

T P
5y = argmax " Y log 1500 @

t=1i=1
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T
0, = argmaleogc (F1(Y1ti91)» . E (th; 91);92)
t=1
and @,z = [64,6,] is the parameter vector estimated in stages. A critical

point here is that asymptotic normality does not hold under model misspecification.
This implies that the copula likelihood being maximized is not the true likelihood
because it is influenced by parameter estimation error in the margins. The naive
approach would be to just use the inverse Hessian of the copula likelihood as an
estimate of the covariance matrix of the copula parameters but the result should be
used with caution as it fails to account for the additional source of error. In order to
incorporate the estimation error that propagates from the margins to the copula the
following correct estimator should be used for the covariance matrix:

VML = A_lg(A_l)’

1T 1T
A== Hande—Z 3,8
Thuy © TLuy 't

3¢ = [$160 -r Spts St (15)

. d AN .
Sip = —logft(Yt; 911‘)'1 =12,..,p

i ] ~ A
S = a—gzlogc (Fy(Yit;011), s By (Y3 01); 05)

Hessian has to be adjusted to account for marginal parameter estimation
error. Asymptotic theory represents the first choice to estimate the parameter
covariance matrix. The alternative is to compute standard errors by simulation in
either of two ways: by stationary bootstrap or by simulation from copula.

Algorithm 2 - Simulation procedure to compute parametric ML
standard errors

(1) Estimate the parametric model on actual data using the IFM
(2) Simulate via stationary bootstrap

(2.1) Generate N samples of length T using the stationary bootstrap method
to preserve the time dependence of actual data

(3) Simulate via copula sampling
(3.1) Simulate N samples of length T by sampling from the copula

(3.2) Generate the standardized residuals by transforming the data using the
inverse of the marginal conditional distribution
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(3.3) Use the standardized residuals to recursively generate the simulated
data using the fitted ARMA-GARCH process

(4) Estimate the same model on each of the N samples
(5) Use the distribution of {én}?':lto obtain the standard errors

It is important to note that both the bootstrapping and copula simulation
preserve the cross-sectional dependence of data. Time dependence is implicitly
insured by the stationary bootstrap while in the copula sampling case it is induced
by the recursive nature of the data generating process at Step (3.3).

4 GOODNESS-OF-FIT TESTS

Goodness-of-Fit (GoF) tests have become standard tools of summarizing
model performance. We focused on in-sample Kolmogorov-Smirnov (KS) and
Cramer-von Mises (CvM) test to assess the parametric distribution of the
standardized residuals and copula performance. These are two of the most powerful
test available. Our choice is further motivated by their suitability for copula
inference and a broad scientific literature describing their theoretical
characteristics. In the univariate case GoF tests provide the proper means to test if a
set of observations comes from a completely specified continuous distribution. We
use GOF tests to assess if the distribution of the AR-GARCH residuals is well-
specified, or more specifically, to test whether the estimated probability integral
transformations of the residuals come from a distribution that is statistically
different from the cumulative distribution function of Unif (0,1). This assessment
is carried out by using the ks and CvM tests, as defined below:

~ t
KS; = max |U;; -7
ro (16)
con= 3,03
t=1

where U, = Skew — t(é;;7;,7)is the t* order statistic of {ﬁit};with
i =1,2,..,p. Unfortunately, when certain parameters for the distribution have to be
estimated the KS and CvM testsdo not follow known distributions and their critical
values have to be determined by simulation.In the multivariate case these tests
share the same idea by using the empirical copula as a reference. The empirical
copula converges uniformly to the underlying true copula and Nelsen (2006) notes
that this concept permits us to define the sample version of many dependence
measures as well as non-parametric tests for independence. Genest et al. (2009)
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uses a simulation study to compare a range of copula GoF tests and concludes that
the most powerful is the CvM test applied to the Rosenblatt transforms of the
original data. This finding is also supported by Berg(2009) who considers a
broader range of tests. Following their findings we conduct inference on model
specification directly on the Rosenblatt transforms of the data generated by the
fitted copula model. Broadly speaking, Rosenblatt transform represents the
multivariate version of the probability integral transformation mapping the original
data into a hypercube of mutually independent variables. In the bivariate case if
Zyy = Uy, Vt and Zy, = Ci10)(Uze|Us; 6) WhereCp,)qis thedistribution of Uy,
conditional on U,, then, according to Rosenblatt (1952), Z,.and Z,, are iid and
Unif (0,1) distributed. This approach can be extended to multiple dimensions by
considering:
0 C(Uygy oo, Ui 1, ... 1)/6‘ Uy s Uiz 01, w00, 1) 2. (17)
duyq, ..., 0u;_4

The advantage of this transformation is that Z, ~ C;,.4,, I the conditional copula
is correctly specified. Assuming that the empirical copula, as defined in (18), is the
closest estimate to the true conditional copula we can use the KS; and CvMg, as
defined in (20) and (21), to test if the independence copula defined in (19) is
statistically different from the empirical copula estimated on the Rosenblatt transforms.

i ouy, ..., 0u;_;

T P

A 1

Cr(z) = TZ 1:[ Uz <z} (18)
14
Cr(2:0) = | | Zw (19)
)= |
KSg = max|Cg(Z:; 0) — Cr(Z))] (20)
T 2

CvMy = Z{CR(Zt;é) — Cr(20)} (21)

In the absence of parameter estimation error GoF test statistics follow some
known distribution (i.e.x2 ). However, known parametric distributions are not
applicable here because KSzand CvM; depend on 8, that is they are affected by
estimation error both in marginal distributions and copula. This is the reason why
simulation represents the most suitable method for determining p-values for KSg
and CvMy tests. In the parametric case the simulation procedure is straight forward
as it involves sampling and estimation of both marginal distributions and copula.
Algorithm 3 describes the simulation procedure to generate viable p-values for K S,
and CvMgtests for parametric models.
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Algorithm 3 - Simulation based procedure to determine copula GoF p-
values

(1) Estimate the full model (margins and copula) on the actual data to obtain the
vector 4 of parameter estimates

(2) Compute the GoF test statistics G = {KS; CvM } on the original data set

(3) Simulate N samples of length T from the full model using the estimated
parameter @

(4) Estimate the full model on each of the N simulated samples to obtain ™
(5) Compute the GoF test statistics for each of the samples to obtain
6™ = {Ks™, cym™)"
n=1

(6) Compute the simulation based p-values as p;y = ¥V_, 1{Gi(”) > Gi}/N,i =12

5 IMPLEMENTATION AND RESULTS

Our goal is to describe the dependence between the iTraxx Europe Senior
Financial and Crossover CDS indices as a measure of systemic risk between the
real and financial sectors at European level. The study is divided in two phases. In
the fist phase, we analyze the dependence pattern between the two series and make
inference on their joint tail behavior in order to get an insight on what class of
copula would be able to capture the dependency structure. In a second phase, we fit
a copula-GARCH model and test for the statistical significance of the estimated
parameters. One advantage of the copula-GARCH approach is the possibility to
specify the model in stages. The marginal distributions are specified by an ARMA-
GARCH model for each univariate time series and then a copula is estimated on
the probability integral transforms of the standardized residuals. The result is a
valid 2-dimensional joint distribution that is easier to estimate and interpret.

The Markit iTraxx Europe Senior Financial index comprises 25 equally
weighted CDSs on investment grade European financial entities whereas the Markit
iTraxx Europe Crossover index comprises 50 equally weighted CDSs on the most
liquid sub-investment grade European corporate entities. The iTraxx indices are
rules-based meaning that the selection methodology ensures they are replicable and
represent the most liquid, traded part of the market. Composition of each index is
determined by a liquidity poll and certain other criteria set up by the index rules. The
constituents are changed every six months, on March 20 and September 20, in a
process known as rolling” the index. Every time the index in rolled a series is
created and for the time until the next roll it is called the on-the-run series. Investors
can express their bullish or bearish sentiments related to the credit risk as an asset
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class which makes the iTraxx indices very efficient as forward looking indicators.
Given their liquidity and actualized composition we believe these indices are
representative indicators of credit risk for their respective sectors. When analyzed
together they reveal the interdependencies between the credit risk of financial and
real sectors and therefore create a good reflection of systemic risk at European level.
For the sake of brevity we will refer to these indices as SenFin and CROSS.

We proceed in analyzing the log-returns of the end-of-day quotations for the two
indices with 5 years maturity. In order to construct a consistent time series we stitched
together the log- returns of Series 5 to Series 19 creating a total of 1880 observations
spanning the time period from 2006-03-21 to 2013-06-17. Each index series contributes
to the final time series of returns only on the period while it is on-the-run (roughly 6
months). Every time a new series is created not only that it may have different
constituents but its actual maturity is 6 months longer then the previously on-the-run
series. This difference in maturities alone translates into a spread of about 10-15 bp
between the old and new series. In order to avoid breaks the actual switch from one series
to the other was made in the week following the roll-over on the day when the difference
in returns calculated for the two series was the lowest. The return series time span is long
enough to include both pre and post crisis market conditions and therefore it is
representative of the long run connection between the credit risk of financial and real
sectors. All data was retrieved from the Bloomberg Database.

Senior Financials —— Crossover ————

1200 +

1000 +

800 -

600 -

Basis Points

400 1
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0,

2006 2007 2008 2009 2010 2011 2012 2013
Time

Figure 1: iTraxx Senior Financial and Crossover index levels

Figure 1 depicts the levels of the two indices during the analyzed period.
There is clearly more variability in the CROSS index explained by its composition of
sub-investment grade CDSs that react more vigorously to changing economic
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conditions. Although not as volatile the SenFin index shows a steady upward trend
indicating increasing risk in the financial sector. It is interesting to see that selling
protection on SenFin was almost worthless up to September 2007 giving the false
impression that financial institutions could not default. Another evident aspect form
this chart is that the two indices have become more correlated from 2010 onwards.
The support received from the European authorities benefited the financial
institutions and kept SenFin index relatively stable hovering around 200 bp for the
past 2 years. CROSS index followed the same path but with larger swings. An
interpretation of this fact would be that systemic risk is not driven by credit risk of
financial institutions but rather their inability to finance the real sector.

Table 1. Summary statistics for the returns of the two indices

Financial Crossover
Mean 0.1083 -0.0348
Std dev 47961 2.8720
Skewness 0.3146 0.0488
Kurtosis 10.7897 3.1590
Corr Pearson 0.7804
Corr Spearman 0.7907

The summary statistics presented in Table 1 indicate the returns on the two
indices have fat tails and possibly skewed distributions. Both linear and rank
correlation coefficients give a first indication that risks in the two sectors are
dependent. Understanding the dependence pattern is important when choosing the
copula to model this dependence. The scatter plot in Figure 2 gives a visual
interpretation to the correlation coefficients in Table 1 and clearly reveals an
elliptical shape with positive dependence between the returns of the two indices.
This pattern is well-suited for the classes of elliptical as well as Archimedean
copulas. The visual inspection of the dependence enables us to make several more
assumptions that will be statistically tested later on: there is asymmetric
dependence with returns more concentrated in the lower tail, there appears to be
more mass in the upper tail and extreme returns tend to be correlated.
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Daily returns of the Senior Financials and Crossover indices
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Figure 2. Scatter plot with isometric scales of daily returns of the two indices

Applying an ARMA-GARCH process to the return series of the two indices
removes the temporal correlation but preserves the cross-sectional dependence. As
most asset returns, our series are not stationary and therefore we followed the
standard mean-variance model building approach to make our series temporal
independent. The order for the mean equation was determined by comparing the
BIC of ARMA models of orders up to 5. An AR(1) process was optimal for both
series and this decision has also been confirmed by the partial autocorrelation
function of the squared log-returns. Then, we used the squared residuals from the
mean equation to test for ARCH effects. Applying the Ljung-Box test on the first
12 squared log-returns revealed p-values very close to zero which gives strong
indication of rejecting the null and a motivation to introduce a conditional variance
equation. In addition to auto-regressive models we tested for cross-correlation by
regressing one series on up to 5 lags of the other series. The coefficients came out
not significant at 5% level. This finding together with the shape of the scatter plot
in Figure 2 is a strong indication that the two series are not linearly correlated but
dependent. Empirical studies have shown that asset returns have fatter tails than the
normal distribution can capture. Besides fat tails, empirical distributions of asset
returns may also be skewed. To handle these characteristics we used a skewed
version of the Student-¢ distribution. We adopted the specific form of Lambert and
Laurent (2001) for its suitability to ARCH processes. Taking all the above into
consideration, we implemented this form of mean-variance modeling:
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Tyt = $o + PaTie—1 + €5
e = Nic€ip €¢ ~Skew — t(v,y) (22)
hie = Wi + aelr_y + Bhye_q + el 1{e;_; < 0}

where r; . are the log-returns of the two indices and ¢;,.is computed according
to (6). Despite the fact that we specified the model in steps estimation was
performed in one single optimization using pseudo Maximum Likelihood.
Empirical research has also found that returns display alternating periods of high
and low volatility with asymmetric impact of innovations. This is why we
introduced the asymmetry parameter &, to capture this kind of leverage effects,
however it came out to be insignificant and was dropped from the model. Again,
we used BIC to chose among the various AR-GARCH models tested and the
results revealed that an AR(1)-GARCH(1,1)-Skew-t model was optimal for both
series. Table 2 presents the results of the conditional mean and variance model with
standard errors based on Hessian.

Table 2. Parameter estimates for AR-GARCH processes with Skew-t residuals

Financial Crossover
Estimate Std.error Estimate Std.error
b 0.1009 0.0581 —0.1596 0.0542
oy 0.1225 0.0239 0.1137 0.0241
w 0.2132 0.0836 0.2054 0.0670
a 0.1511 0.0227 0.1184 0.0186
B 0.8562 0.0185 0.8613 0.0204
y 1.0244 0.0323 1.0109 0.0322
v 5.9909 0.8274 8.9832 1.6732

A positive mean confirmed by a positive conditional mean for the SenFin
returns provides a clear indication that the European financial sector credit risk has
been steadily increasing over the analyzed period. On the other hand the
conditional mean for the CROSS index indicates an alleviation of credit risks in the
real sector. While highly statistically significant y indicates a very low degree of
skewness for both SenFin and CROSS conditional distributions, meaning that both
high and low risk situations are equally likely to occur. v denotes fat tails and its
values are consistent with the range of the returns depicted in the isometric scatter
plot of Figure 2.The choice for the parametric distribution of the standardized
residuals is of crucial importance because it generates the underlying data on which
the parametric model is specified. The longer right tails for both SenFin and
CROSS indices are consistent with the sign of the skewness parameter in Table 1
and the y parameter.
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As it was pointed out in Section 4 the KS and CvM test statistics follow a
known distribution only in the absence of parameter estimation error. In the
context of this analysis the conditional distributions of the residuals depend on
the parameter estimates of the ARMA-GARCH processes and therefore we
resorted to a simple simulation procedure, based on Genest and Remillard (2008),
to determine reliable p-values: (1) simulate a sample of length T for each return
series using the model with the estimated parameters, (2) re-estimate the model
on the resulted sample, (3) compute the test statistics 6™ = {KS; CvM } on the
probability integral transforms of the sample, (4)repeat steps (1)-(3) N times and
(5) compute the p-values as:p — value = ¥N_, 1{G™ > G} /N. Table 3 presents
the results of the GoF tests in (16) applied to the standardized residuals of the
two indices. Under the null the test assumes that the distribution is well specified.
Analyzing the p-values returned after performing N = 10* simulations we fail to
reject the null hypothesis and therefore we have a strong indication that the
Skew-t model is well-specified.

Table 3. p-values for GoF tests for the Skew-t distribution fitted to
the residuals of AR-GARCH

Financial Crossover
Test p-value Test p-value
KS 0.0265 0.1640 0.0267 0.1120
CvM 0.2487 0.2430 0.1583 0.1870

Our reason for looking at rank correlation is because it provides information
on the sign of the dependence between the two indices and gives us a valuable
indication on which types of copulas to use. The rank correlation of standardized
residuals, calculated according to (7), is 0.7779. Using a simple iid bootstrap we
computed a 90% confidence interval (Cl) of [0.7597,0.7952]. Unlike elliptical
copulas, Archimedean copulas can only capture positive dependence and having a
statistically significant positive rank correlation justifies the application of these
copulas.Of course the parametric copula chosen for the tail dependence must be
able to capture tail dependence. Even more so, the copula must provide non-zero
tail dependence in the specific tail on which is to be used. The Gumbel copula is
also an extreme value copula and according to Caperaa et al. (2000), Archimedean
copulas that belong to a domain of attraction are necessarily in the domain of
attraction of the Gumbel copula. Hence, in an Archimedean framework, the
Gumbel copula seems to be a natural choice regarding tail dependence estimation.

In order to better describe the tail dependence in our data set we have used 2
approaches: the Gumbel copula as representative of the Archimedean class and for
the reasons outline above and the Student-t copula as representative of the elliptical
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class. The tail dependence coefficients are computed according to (9)
parameterized with the Gumbel or Student-t copulas. The parameters for each
copula have been computed independently for each tail by maximizing (10). The
estimated tail copula parameters are ¢ = 1.5469 and Y = 1.3557 for the Gumbel
copula and 8t = {0.6590,5.49} and #Y = {0.5475,5.53} for the Student-t copula.
Having a separate parameter foreach tail assures that the parametric copula is
calibrated specifically to capture the dependence in that particular tail. The Gumbel
copula can only capture upper tail dependency therefore we had to rotate the data
to model lower tail dependency. Point-wise Cl are computed using the simulation
procedures described in Algorithml. Table 4 presents the tail dependence
coefficients together with 90% CI and p-values.

Table 4. Estimates of tail dependence

Gumbel Student-t
. AL 0.4346 0.2885
Lower tail dependence 90%CI 03368 05514 02317 04151
. AU 0.3325 0.2123
Upper tail dependence 90%CI 02151 04298 01793  0.3537
p —value Hy: A = Y 0.4414 0.3845

A word of caution regarding the threshold level q. The threshold g has to be
chosen in advance and this introduces a trade-off between variance and bias in the
estimator. The closer q is to the boundary of the support the smaller the bias but the
larger the variance. In practice, however, this cut-off points are somehow chosen
arbitrarily. Our choice is {0.025,0.975}.The first conclusion stemming from the
results in Table 4 is that there is no asymmetricdependence in the tails. p-values
indicate that we fail to reject the null on both cases. The second conclusion is that
all tail dependence coefficients are statistically significant. None of the confidence
intervals include zero. From a financial point of view these two conclusions
provide strong evidence supporting systemic risk. This means that, at the limit, the
financial and real sectors credit risks are linked regardless of the direction. Extreme
credit risk events, such an economic crisis, cannot happen independently in one
sector without affecting the other.

Quantile dependence parameters provide a more comprehensive description
of the dependence at various quantiles. We have calculated the quantile
dependence coefficients using (8) at quantiles set up at intervals of 0.025 in
[0.025,0.975]. Figure 3 presents the results with the gray shaded area representing
the CI for the quantile dependence coefficients and the pink shaded area denoting
the point-wise CI of tail dependence. Cl have been calculated using Algorithm 1.
The right side plot present the difference in quantile and tail dependence
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coefficients with their respective Cl and give a wonderful visual interpretation of
the symmetric dependence. It is clear that the CI includes the zero line which
indicates that we cannot reject the null Hy : 4, = 4,4,V q.

Quantile dependence Difference in quantiles
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Figure 3. Quantile dependence coefficients and confidence intervals

In order to model the full dependence structure in our data set we use 2
elliptical and 2 Archimedean copulas as follows: 1) The Normal copula has become
the standard tool in dependence modeling and despite its inability to capture tail
dependence we use it as a benchmark. 2) The elliptical shape of the scatter plot of
returns together with the findings about tail dependence lead us to believe that the
Student-t copula may be the most appropriate to describe the dependence between
the two return series. 3) Even though the upper and lower tail coefficients are not
statistically different the quantile dependence computed for lower quantiles are
higher than the ones computed for upper quantiles. This is consistent with the data
being denser in the lower half of the support. In order to accommaodate this empirical
pattern we will use the Gumbel copula which has asymmetric contour diagrams with
stronger upper tail dependence and shows more variability and mass in the negative
tail. Because the characteristics of the Gumbel copula are exactly the opposite to
what our data exhibits we used the rotated form.4) Clayton copula has more mass in
the upper tail while creating lower tail dependence - which is consistent with larger
lower quantile dependence coefficients.

In the multi-stage copula-GARCH framework estimation for copulas is
straightforward because the optimization is performed over one or two parameters.
One could envisage using the two-stage method to decide on the most appropriate
copula family and then estimate all parameters (marginal and copula) in a final
fully parametric round of estimation. Given the large sample of our data set we did
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not proceed with this approach and relied on multi-stage IFM.Tables 5 presents the
estimation results for parametric models using the methods described in Section 3.
The first column presents the copula log-likelihood while the second presents the
estimated parameters calculated according to (14). The third column presents the
Kendall’s t coefficient equivalent to the copula parameters. The Kendall’s
rexpresses the strength of the dependence in the same units and therefore
represents a feasible method of assessing the degree to which the copula is able to
capture the dependence. The last four columns present the standard errors of
parameter estimates calculated according to the following four methods: 1) the
naive method, that is directly from the Hessian of the copula log-likelihood
function, 2) the correct multi-stage ML methods described in (15), 3) simulation by
stationary and iid bootstrap and 4) simulation by copula sampling. The simulations
are performed for N = 10*repetitions according to the procedure described in
Algorithms 2.According to our a priori expectations, based on tail dependence
analysis, the Student-t copula performed best as indicated by the largest log-
likelihood value. This finding has at least two explanations. First, this copula’s
characteristics are closest to the pattern exhibited by our data set and in particular it
is the only copula that has both lower and upper tail dependency. Second, it is the
only copula with two parameters benefiting from the flexibility of a parameter that
controls exactly the thickness in the (multivariate) tails.

Table 5. Copula parameter estimates and standard errors

Parameters Standard errors
L 0 T Naive MSML Bootsrap Simulation
Normal 899.7 0.7848 0.5744 0.0071 0.0193 0.0184 0.0087
Student-t 948.9 0.7951 0.5851 0.0082 0.0152 0.0182 0.0098
5.49 0.0261 0.1221  0.0298 0.0332
Rotated Gumbel 889.1 2.2773 0.5608 0.0433 0.1044 0.1037 0.0613
Clayton 727.8 1.7982 0.4733 0.0604 0.1737 0.1441 0.1358

The Normal copula provides the second best fit. This is somehow surprising
because this copula cannot capture tail dependence. This is an indication that tail
events have a low weight in setting the strength of the dependence. The rotated
Gumbel copula performed relatively poor, below the benchmark set by the Normal.
This stems from the fact that our data set has both lower and upper tail dependency
and this copula can only properly describe one tail at a time. In this context the
Gumbel copula is more suitable to describe tail dependence. Kendall’s 7 values are
almost the same with the exception of Clayton copula which has a sensibly lower
value. This finding together with the lowest log-likelihood values renders the
Clayton copula inappropriate for this data set. Naive standard errors are
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significantly lower than the correct multi-stage ML errors giving a false impression
of consistency. This is because the naive method ignores the parameters estimation
error in the marginal distributions. The results obtained are encouraging because
they follow precisely the theoretical guidelines. The bootstrap and copula sampling
methods returned standard errors relatively close to the correct asymptotic multi-
stage ML. The conclusion is that the easy to implement bootstrapping method is
reliable and can be used instead of the cumbersome MSML. However, depending
on the implementation and computing power it can be pretty slow.

GoF tests may be considered too strict as they compare relative to the true
model. Financial modeling in general and this study in particular relies on
estimation and none of the models are expected to be correctly specified.
Following this reasoning, the purpose of the GoF test in this study is to determine
whether the copula model is different from the true unknown copula and not
necessarily for comparison among fitted copulas. The log-likelihood values in
Table 5 provide a more appropriate means of comparison between models.
Considering the implementation in Genest et al. (2009) we assessed the 4 copula
models using the GoF tests presented in (20) and (21) applied to the Rosenblatt
transforms of the standardized residuals. Table 6 presents the p-values for the K S,
and CvMyg. Low p-values are evidence against the null that the tested copula is the
true unknown copula. Student-t copula is the only one that passes the GoF tests, a
result which comes in support of our findings that this is also the best copula, as
indicated by the log-likelihood.

Table 5. p-values for GoF tests for selected copula models

Normal Student-t Gumbel Clayton
KS 0.02 0.13 0.38 0.09
CvM 0.02 0.17 0.16 0.11

6 CONCLUSIONS

We proposed a multi-stage copula-GARCH model to capture the credit risk
dependence between real and financial sectors at European level. Our data set is
comprised of iTraxx Senior Financial and Crossover CDS indices, highly
representative for credit risk dynamics in their respective sectors. In the first part of
the study we analyzed the dependence pattern and concluded that the data set has a
symmetric dependence structure with statistically significant tail dependence
coefficients. These findings are consistent with the existence of systemic risk. In the
second part we described the entire dependence pattern by fitting four types of
copulas and derived standard errors for the parameter estimates using asymptotic
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theory, bootstrapping, and copula sampling. The results indicate the Student-t copula
as the most appropriate to describe the dependence structure. Our standard error
estimates follow precisely the theoretical guidelines. GoF test also indicate that the
Student-t copula performed as accurately as possible relative to the true copula.
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