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Abstract: It is difficult to distinguish between multiple random shocks and 

endogenous informational inflow in nonlinear systems which show complex 

dynamics. For this reason, we run the chaos tests to investigate the presence 

of chaotic phenomena using: nonlinearity tests, Recurrence Plot (RP) and 

Recurrence Quantification Analysis (RQA). 

In this paper, we compute the Hurst Exponent using R/S analysis on Romanian 

capital market for a time span between 2005 - 2014 daily data. Substantial 

changes of Hurst Exponent behaviour in the current period compared to the 

previous one may be seen as structural break points in the series. 

The goal of this paper is to determine time series chaotic behaviour in order 

to highlight the efficiency levels of CEE markets. Also, we aim to investigate 

the changes in drifting dynamical systems, to examine the recurring patterns 

– the most important features of complex systems and to admire the "simple 

beauty of the complexity". 

Keywords: Hurst exponent, chaotic behaviour, structural breaks, recurrence 

analysis 
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1 INTRODUCTION  

The complex behaviour of financial time series, which linear stochastic 

models are not able to account for (Mantegna & Stanley, 2000; Johnson, et al., 

2003), has been attributed to the fact that financial markets are nonlinear stochastic, 

chaotic or a combination of both.  
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The problem of characterizing financial time series is still an open question. 

Most of the test developed in the area of economic theory, provide evidence of 

nonlinear dynamics, which is a necessary but not sufficient condition for chaos. 

This nonlinearity may be deterministic or not deterministic. In fact, there is no 

convincing evidence of deterministic low-dimensionality in price series 

(Scheinkman & LeBaron, 1989; Papaioannou & Karytinos, 1995) and the claims of 

low-dimensional chaos have never been well-justified. The methods to analyze 

time series for detecting chaos can be classified in metric, dynamical, and 

topological ones (Belaire-Franch et al., 2001). Generally the tools used for 

economic analysis are: BDS test, correlation dimension - metric tool; Lyapunov 

exponent - dynamical tool and topological tools. 

Topological tools are characterized by the study of the organization of the 

strange attractor and they include recurrence plot. They exploit an essential 

property of a chaotic system, i.e. the tendency of the time series to nearly, although 

never exactly, repeat itself over time. This property is known as the recurrence 

property. In fact, the topological methods preserve time ordering of data, where 

evidence of chaos is found, the researcher may proceed to characterize the 

underlying process in a quantitative way. Thus, one is able to reconstruct the 

stretching and compressing mechanisms responsible for generating the strange 

attractor. It works well on relatively small data sets, is robust against noise, and 

preserves time-ordering information (Gilmore, 1993a, b). 

From an empirical point of view, it is difficult to distinguish between 

fluctuations provoked by random shocks and endogenous fluctuations. For this 

purpose, chaos tests are developed to investigate the basic features of chaotic 

phenomena (nonlinearity, presence of an attractor, sensitivity to the initial 

conditions) (Faggini, 2011a, b). 

The paper is set up as follows. In section 2 data used are described, and a 

short characterization of Bucharest Stock Exchange phases of evolution is made. 

Section 3 investigates chaotic phenomena using: BDS test, Recurrence Plot and 

Recurrence Quantification Analysis. Further, Hurst exponent computation is used 

to identify structural break points. Finally, in section 4, we report the conclusions 

of our work. 
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2 DATA 

In order to determine time series chaotic behaviour and to highlight the 

efficiency level of an emergent European market, we analyse a particular case of 

the Romanian capital market - the Bucharest Exchange Trading index (BET). The 

daily closing prices of BET have been selected from www.quotenet.com. The 

examined time period spans from January 2005 to January 2014 and the number of 

observations in the sample is 2206. 

The main component of the Romanian capital market is Bucharest Stock 

Exchange (BSE). Under the considered time span, BSE had registered different 

evolution periods: (i) 2005 - 2007 period is characterised by an uncertainty phase - 

high volatility and frequently changes in trends; (ii) the occurrence of turbulence 

phase in the context of international financial instability; (iii) between 2007 - first 

part of 2009 Romanian capital market registered a persistent down trends and an 

increase of the market intrinsic volatility; (iv) in the second part of 2009 and the 

first part of 2010 a new promising uptrend starts, but not in a consolidated manner; 

(v) from final part of 2010, the actual period is viewed as a range zone without any 

clear trend direction and high volatility areas. 

3 INVESTIGATION OF CHAOS 

3.1 BDS Test 

In order to evaluate the presence of long run time dependencies in data we 

run BDS test which involves a restrictive null hypothesis that the series is 

independent and identically distributed. The Brock-Dechert-Scheinkman (Brock, 

Dechert & Scheinkman, 1996) test can be used for testing the i.i.d. property of a 

random walk versus general dependence, which include non-stationarity, linear and 

nonlinear stochastic system as well as nonlinear deterministic system, which could 

feature deterministic chaos evolutions.  

Less attention has been paid to the appliance of this procedure to highlight 

the non - random dynamics of the European emergent markets. 

Under the assumption of independence in data, this statistic is expected to be 

close to zero. There are several methods to specify: 1) as fraction of pairs, with 

being calculated to ensure a certain fraction of the total number of pairs of points in 

the sample lie within of each other; 2) as fixed value - a raw value specified in the 
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units as the data series; 3) as a multiple of the standard deviation of the series; 4) as 

a fraction of the range. We are using the fourth method since the underlying series 

shifts between a maximum and a minimum value capture by our considered period. 

Also it should be noted that if series have unusual distributions, the 

distribution of the test statistic can be quite different from the asymptotic normal 

distribution. To compensate this fact, it is necessary to compute bootstrapped p-

values for the test statistic. 

The bootstraps BDS test values reported in Table 1 shows that the null 

hypothesis can clearly be rejected with taking into account m = 2,…,10 

embedded dimensions. 

BDS test incorporates embedding dimension but it assumes only a time 

delay equal to 1. BDS could not be considered a direct test for chaos. Therefore, 

the test does not clearly separate the independent and identically distributed 

patterns, but lead to the conclusion that there are important deviations from the 

independence in data. Such deviations can assume the existence of some structural 

changes, which are leading to low-order chaotic behaviours. 

3.2 Recurrence Analysis 

Since BDS test cannot provide sufficient information about the underlying 

system responsible for chaotic motion, we apply the Recurrence Analysis - a 

topological approach used to investigate this type of behaviour. 

Recurrence Analysis studies chaotic systems because recurring patterns are 

among the most important features of chaotic systems (Cao and Cai, 2000). It 

consists of two parts: the Recurrence Plot (RP) developed by Eckmann et al. 

(1987), a graphical tool that evaluates the temporal and phase space distance, and 

Recurrence Quantification Analysis (RQA) – a statistical quantification of RP 

(Zbilut and Webber, 1992). In this paper we used a package called VRA - Visual 

Recurrence Analysis, created by Eugene Konov.  

Correlation Dimension test (Grassberger & Procaccia, 1983) is frequently 

used to distinguish between chaotic and random behavior. A pure stochastic 

process will spread all space as evolving, but the movements of a chaotic system 

will be restricted by an attractor. In this case correlation dimension saturate (for 

delay=27 and max embedding dimension=10) at 3 embedding dimensions, and 

hence it might be possible to deal with a chaotic system. 
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To reconstruct the recurrence plot of the entire dynamical system (hidden 

and otherwise unobservable multidimensional space) from a single time series is 

realized via embedded delayed coordinates (time delay and embedding dimension). 

To estimate the time delay is used average mutual information function, which 

reaches the first minimum - considered optimal time delay - at 27 time lags in our 

case. The second coordinate is established via the false nearest neighbor method, 

which considers 10 embedded dimensions. 

In Figure 1(a) it can be observe the RP for BET index generated with delay 

and embedding dimension, both equals to 1. Both RPs displayed in Figure (1a) and 

(1b) are subjected to a visual comparison. The second plot (1b), based on the 27 

time delays and 10 embedded dimensions produce patterns, that are not normally 

visible in the series and which could provide clues to search for the presence of 

deterministic chaos. A zoom-in, helps us to observe some parallel lines to the main 

diagonal, which provides information about the presence of deterministic chaos, 

and therefore we may carry out a further investigation. 

As a consequence of RPs subjectivity and to extent the original concept, in 

order to make it more quantitative, Zbilut et al. (1998, 2000) developed a 

methodology called Recurrence Quantification Analysis. In order to study BET 

series evolution, using RQA method for 27 time delays and 10 embedded 

dimensions, our sample is split in 9 epochs, each epoch consist in relatively 200 

observations (Table 2). 

Percent recurrence quantifies the amount of cyclic behavior – which in our 

case is very low (for all epochs recurrence is smaller than 3%), but in the same 

time recurrence percent are positive, indicating that all data presents low-order 

correlation. Percent determinism is the percentage of recurrence points forming 

diagonal line structures to all recurrence points, which are parallel to the main 

diagonal. In the 5
th
 epoch determinism reach the highest value (72%), followed by 

the 4
th
 epoch (67.69%), indicating significant deterministic structures in those 

periods. Higher laminarity in epoch 4 (13%) and epoch 5 (27%) implies that the 

states of the system stay closer in time for longer periods forming vertical 

structures. Therefore, it can be assumed that higher laminarity implies smaller 

volatilities, while other epochs where laminarity reach 0 values, gives us a clear 

signal of high volatilities. Shannon entropy measures the distribution of those line 

segments that are parallel to the main diagonal and reflects the complexity of the 
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deterministic structure in the system. Higher entropy ratio values obtained in 4
th
 

and 5
th
 epoch obviously indicates time series structuredness, characterized by 

periodic behaviors. Is worth mentioning that in the third period, represented by the 

turbulent phase preceding the crisis, a single 0 value of entropy is obtained, which 

indicates small diversity, and hence a typical chaotic behavior. Maxline represents 

the average length of diagonal structures and indicates the longest line segments 

that are parallel to the main diagonal. Higher values of maxline in 4
th
 and 5

th
 epoch 

represent long line segments which produce periodic signals. While the noise does 

not produce any segments, the smaller value of maxline in the third epoch indicates 

short segment, and thereby sustains the chaotic behavior assumption. Trend value 

measures the paling of the patterns of RPs away from the main diagonal. The most 

evident trends registered in epoch 5
 
(29.12%), followed by the 4

th
 epoch (29.53%), 

confirm the existence of pure deterministic areas. In order to highlight the chaotic 

behavior manifested in the third epoch we compared these results with those 

obtained in the 4
th
 and 5

th
 epoch. Also, after an overview of results, epoch 8 and 9 

are subjected to the presence of chaotic features.  

3.3 Hurst Exponent 

In the following, we used a tool for studying long-term memory and 

fractality of a time series named Rescaled Range analysis (R/S analysis) first 

introduced by Hurst (1951) in hydrology. Mandelbrot (1983) argued that R/S 

analysis is a more powerful tool in detecting long range dependence. In this 

method, one measures how the range of cumulative deviations from the mean of 

the series is changing with the time. The Hurst exponent is equal to 0.5 for 

random walk time series, <0.5 for anti-correlated series, and >0.5 for positively 

correlated series. 

In this work we compute the Hurst Exponent using the standard scaled 

variance method (Cannon et al., 1997) by linear regression of log(R/S) versus 

log(time) with non-overlapping 5, 10 and 20 days length windows.  

As the previous RQA results indicate a substantial change from epoch 3 to 4, 

this identification of a chaos-order phase can be interpreted as a structural break 

point in the series. Also, the switch from epoch 5 to 6 may be seen as an order-

transition phase, while for epoch 7 to 8 and 9 a transition-chaos period is 

registered. Results reported in Figure 2 found substantial changes of Hurst 
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Exponent behaviour at the beginning of the 4
th
 period compared to the 3

rd
 one. This 

period represents the transition from the turbulent phase preceding the crisis to the 

market collapse. Also, Hurst exponent computation for a 5 days window identifies 

an important shift from the antipersistent value (0.245), indicating high volatility 

and random behaviour, to a persistent value (0.98). Hurst exponent line values 

plotted in Figure 2: 0.85 to 0,33 for H5; 0,83 to 0,22 for H10; and 0,85 to 0,33 for 

H20 confirm the existence of a structural break point that reflects the switch from 

order to transition phase. The final structural break point identified in H5 (H values 

from 0.22 to 0.91) and in H10 (H values from 0.39 to 0.94) confirms the passing 

from transition phase to chaotic areas.   

Further, we apply over the estimated series of Hurst exponents the so-called 

Lo and MacKinlay (1988; 1989) overlapping Variance Ratio Test in order to reveal 

the degree in which these can be described as random walk processes. This test 

examines the predictability of the time series by comparing variances of 

differences of data computed over different intervals.  

Three different alternatives are considered: 1) the Hurst exponent series are 

random walks; 2) these series are assumed to follow an exponential random walk. 

Firstly, the test is performed for homoskedastic random walks using the wild 

bootstraps distribution to evaluate statistical significance. Secondly, we are testing 

for a weaken version in which the data can be described by a heteroskedastic 

random walk. Such hypothesis allows, for more general forms of conditional 

dependence, to be a martingale difference sequence. 

The Variance Ratio tests reported in Table 3 rejects the random walk null for 

two tested forms of data frequencies. The same results are obtained if the 

martingale null is considered, thus both homoskedastic and heteroskedastic 

assumptions are rejected for the first and the second tested forms. 

4. CONCLUSIONS 

The appliance of BDS test rejects the null hypothesis of independent and 

identical distributed prices evolutions. Testing BET index series using recurrence 

analysis indicates the presence of chaotic motions in areas where market 

characteristics have changed. Such results are confirmed by the non-uniform 

behavior of Hurst exponent, which confirms the existence of structural break points 

in those areas. 
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Overall results are leading to the conclusion that the identification of 

structural break points in the BET index appears under the impact of fundamental 

changes in market mechanisms and produce persistent effects.  

Evidence of chaotic behavior is found in Romanian stock market only in two 

specific periods: the turbulence phase preceding the crisis and the outbreak of the 

financial crisis. Those structural shifting areas evolve as a consequence of 

structural changes in institutional and functional architecture. 
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ANNEXES 

Table 1 BDS portmanteau test for BET index (Raw epsilon: 6248.515) 

Dimension BDS Statistic Std. Error z-Statistic Normal Prob. Bootstrap Prob. 

2 0.011195 3.22E-05 347.2489 0.0000 0.0000 

3 0.022414 7.12E-05 314.6108 0.0000 0.0000 

4 0.033583 0.000118 285.0368 0.0000 0.0000 

5 0.044664 0.000170 262.0306 0.0000 0.0000 

6 0.055657 0.000228 244.0110 0.0000 0.0000 

7 0.066557 0.000290 229.5391 0.0000 0.0000 

8 0.077350 0.000355 217.6154 0.0000 0.0000 

9 0.088037 0.000424 207.6132 0.0000 0.0000 

10 0.098614 0.000495 199.0820 0.0000 0.0000 

Source: Authors results 
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Table 2 Recurrence Quantification Analysis results 

 
Source: Authors results 

Table 3 Lo-MacKinlay VR Test for the Hurst exponent series  

using rank scores – H0: Random Walk and data levels – H0: Martingale 

 

 

Null: Random walk Null: (Log)H are RW 

processes 

Null: 

Martingale 

Null: 

(Log)H are  

martingale 

  Max |z|  

(at period 2) 

Wald 

Chi-Square 

Max |z| 

(at period 2) 

Wald  

Chi-Square 

Max |z| 

at period 2) 

Max |z| 

(at period 2) 

H5 days 10.93  

(0.000) 

119.79 

(0.000) 

10.92  

(0.000) 

120.10  

(0.000) 

8.67  

(0.000) 

7.63 

 (0.000) 

H10 days 8.45 

(0.000) 

74.53 

(0.000) 

8.53 

(0.000) 

76.28 

(0.000) 

7.55 

 (0.000) 

6.81 

 (0.000) 

H20 days 5.28  

(0.000) 

28.09 

(0.000) 

5.30  

(0.002) 

28.32 

(0.003) 

4.80 

(0.001) 

4.46  

(0.008) 

Probability in () 

Source: Authors results 

 (1a) Delay=1     (1b) Delay=27 

Embedding dimension=1     Embedding dimension=10 

 
Figure 1 Recurrence Plots 

Source: Authors results 
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Figure 2 Non-overlapping Hurst exponent on 5, 10 and 20 days length windows 

Source: Authors results 

 


